We study the thermodynamics of a Dirac field in the background of a ͑1ϩ1͒-dimensional charged black hole; the Klein-Gordon equation and Dirac equation are resolved, respectively, with the 't Hooft boundary condition and ''quasiperiodic'' boundary condition. The corresponding wave functions are calculated and the expressions of free energy and entropies are given, respectively, which shows that the fermionic entropy has the same expression as that in the bosonic one, except that the coefficient is different.
The thermodynamics of black holes remains an enigma in theoretical physics; it turns out to be a junction of general relativity, quantum mechanics, and statistical physics.
It is well known that entropy in physics can be described both in a thermodynamic sense and in terms of a counting of states. In the traditional thermodynamics sense, the area of the event horizon of a black hole is interpreted as its thermodynamical entropy; the surface gravity on the horizon is proportional to the Hawking temperature; the classical Bekenstein-Hawking entropy is proportional to the area of horizon and satisfies all thermodynamical laws ͓1-5͔. The matter field fluctuations originating from the black hole background are an interesting problem in black hole physics ͓6,7͔. 't Hooft calculated the number of scalar particle states surrounding a black hole in a so-called ''brick wall model,'' and found the quantum scalar field fluctuation about the Hartle-Hawking temperature. By ignoring the contribution from the system surrounded by a vacuum, he gave the fol- Recently, such problems have aroused new interest among many researchers ͓6-8,14-38͔; different approximations are used to study the quantum corrections to the entropy in various black hole backgrounds in the literature.
In this Brief Report, we shall solve directly the massless Klein-Gordon equation and Dirac equation in ͑1ϩ1͒-dimensional charged black hole backgrounds with 't Hooft's boundary condition and ''quasiperiodic'' conditions ͓20͔. The expressions of wave functions are given, and the corresponding bosonic entropy and fermionic entropy are calculated, respectively. A similar calculation was recently undertaken for a massive scalar field ͓25͔. The results show that the fermionic entropy has completely the same form as that of bosonic entropy, except that the coefficient is different.
The metric of ͑1ϩ1͒-dimensional charged black hole adopted is as follows ͓25͔:
where
M and Q are, respectively, the mass and charge of a black hole, and is the cosmological constant. The horizons of the black hole are
͑2͒
Here it is assumed that QϽM . The Hawking temperature of the black hole is T H ϭ͑/2͒ ͕1Ϫexp͓Ϫ2͑r ϩ Ϫr Ϫ ͔͖͒.
͑3͒
Considering the massless scalar field wave equation in the background space-time, Eq. ͑1͒, we have
͑4͒
Substituting Eq. ͑1͒ into Eq. ͑4͒, one has 
͑11͒
From Eq. ͑2͒, Eq. ͑11͒ can be rewritten as
Using the 't Hooft boundary condition ͓6͔
U͑r ϩ ϩ␦ ͒ϭU͑ r ϩ ϩL ͒ϭ0, ͑13͒
one has the eigensolution
while the eigenvalue is
with ⍀(r) defined to be The entropy corresponding to Eq. ͑17͒ is
͑18͒
Substituting ␤ϭ 1/k B T H and Eq. ͑3͒ into Eq. ͑18͒, one gets
Here S b is the bosonic entropy of the black hole, the metric of which is given in Eq. ͑1͒, ␦ is the ultraviolet cutoff, and L the infrared cutoff.
Here we shall calculate the fermionic entropy of the black hole, the metric of which is given in Eq. ͑1͒.
For our purpose let us consider the massless spinor particles with two complex components ͓ 2 1 ͔ in ͑1ϩ1͒-dimensional space-time. The action is ͓39,40͔
Here 
In two-dimensional complex spinor space, a covariant spinor derivative ٌ, which is a differential operator that acts on the field, can be defined as
Using the calculus of variations to Eq. ͑20͒, one obtains the fermion field equation as
͑24͒
Using Eq. ͑1͒, Eq. ͑23͒ becomes
From Eqs. ͑24͒ and ͑25͒, we can get the eigensolutions
where C 1 and C 2 are integral constants. In order to calculate the fermionic entropy of the black hole, the so-called ''quasiperiodic'' boundary condition is introduced ͓20͔:
͑28͒
On the other hand, it is required that the phase factor of the fermionic eigensolution must satisfy the periodicity condition; hence, we get
According to Fermi-Dirac statistics, the one-module partition function is
The free energy then is
and the expression of entropy
and similarly with bosonic case, we can obtain
S f is the fermionic entropy of the black hole which the metric is given in Eq. ͑1͒.
Comparing Eq. ͑33͒ with Eq. ͑19͒, it is obvious that the fermionic entropy and the bosonic entropy have almost the same form of expression, except that the coefficients are different.
We know that there are many properties of the extremal black hole which do not exist for the nonextremal black hole case ͓41͔. For instance, for a dilatonic black hole, the temperature is zero while the area not, and it is found that the entropy of a scalar field is nonzero either in such a background ͓15͔. Another example is the Riessner-Nordstrom black hole; for the extremal case, the temperature is zero while the area is not, and furthermore, one can obtain by using the brick wall model that the entropy of a scalar field is nonzero in such a background ͓16͔.
We now discuss the entropy of the extremal black hole, the metric of which is given by Eq. ͑1͒. For this case M ϭQ, then
. ͑35͒
The horizon of the black hole is
Performing a similar procedure as described earlier, one has the free energy of a scalar field:
ͬ .
͑37͒
The corresponding bosonic entropy is
͑38͒
One can see easily from Eq. ͑37͒ that S ext,b ͉ ␤→ϱ ϭ0. Equations ͑37͒ and ͑38͒ are identical to the corresponding results which were shown to hold approximately for a massive scalar field in Ref. ͓25͔. Performing the similar procedure as described earlier, one can obtain the fermionic entropy as
͑39͒
Similarly we have S ext, f ͉ ␤→ϱ ϭ0. We see that, as in the case for a nonextremal black hole, the expression of the fermionic entropy is the same as that of the bosonic one, except for a coefficient.
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